Abstract W. C. Lang determined wavelets on Cantor dyadic group by using Multiresolution analysis method. In this paper we have given characterization of wavelet sets on Cantor dyadic group providing another method for the construction of wavelets.
Introduction
The theory of wavelets is made up of several areas of pure and applied mathematics.
Initially most of the wavelet theory was devoted to the construction of wavelet bases suitable for applications like compression, denoising etc. However during the last two decades several generalizations and extensions of wavelets have been introduced. It is known that on each locally compact abelian group there exists a Haar measure, not identically zero and unique upto a multiplicative constant. The existence of Haar measure laid the foundation of a more general fourier and hence wavelet theory on locally compact abelian groups. Lang [7] determined compactly supported orthogonal wavelets on the locally compact Cantor dyadic group. For the construction of wavelets he used multiresolution analysis (MRA) and determined relations for scaling and wavelet filters similar to the case of L 2 (R). These wavelets were identified with Walsh series on the real line and included the Haar basis. By invoking the Calderón-Zygmund integral operator theory Lang [8] proved that if a wavelet on cantor dyadic group satisfies Lipschitz type regularity condition then the wavelet series converges unconditionally in L q (for q > 1).
Thus far wavelets constructed in the Cantor dyadic group are originated from MRA, and no work is available related to wavelet sets on Cantor dyadic group. In real case wavelet sets were proved to be an important tool for the construction of MRA as well as non-MRA wavelets. A large number of results related to geometric and topological properties of wavelet sets and associated wavelets are available in one and higher dimensional real space. This paper is devoted to the study of wavelet sets in Cantor dyadic group and their association with MRA. Section 2 contains basic definitions and results related to wavelets on cantor dyadic group. The notation and terminology used for cantor dyadic group are similar to that given by Lang in [7, 8] . Characterization of wavelet sets on Cantor dyadic group along with their examples are given in section 3
and, at last section 4 includes characterization of wavelet sets associated with MRA and examples of MRA and non-MRA wavelet sets.
Preliminaries
Let G be the set of sequences
where x j ∈ {0, 1}, j ∈ Z and for some n ∈ Z, x j = 0 for every j > n. The group operation on G is coordinatewise addition modulo 2 given by,
Then U forms a local base at the identity element 0 = (000 · · · .000 · · · ) and B U = {D m + x : x ∈ G, D m ∈ U} is the base for the topology τ on G. With respect to the topology τ and the group operation given above G forms a topological group. The subgroup D is compact in G and Λ = {(x j ) j∈Z : x j = 0 for j < 0} is a countable and closed subgroup of G. Let Λ 0 = Λ, Λ j = ρ j (Λ), for j > 0, and
The Lebesgue spaces L p (G), 1 ≤ p < ∞, are defined by using the Haar measure µ on Borel subsets of G normalized by µ(D) = 1.
The dual group G * of G can be identified as
, and ω j = 0, ∀j > n, for some n ∈ Z}.
Dual group G * has the group operation and topology as that of G. The character ω = (ω j ) j∈Z ∈ G * is defined as,
For an MRA {V j } j∈Z , let W 0 be the orthogonal complement of V 0 in V 1 ; that is,
Then dilating the elements of W 0 by ρ j , we obtain a closed subspace W j of V j+1 such that
Wavelet ψ determined by the MRA {V j } j∈Z is an element of W 0 such that {ψ(. − n) : n ∈ Λ} forms an orthonormal basis for W 0 .
For the proofs given in this section we refer to [1, 6] .
The Λ-periodic function n∈Λ
Proof of the converse part is similar.
Thus if φ is a scaling function of an MRA, then n∈Λ φ (ω + n)
Following relations were given in [7, 8] . For the sake of completeness and to support our claim in Theorem 4.2, detailed proofs are given here. 
Proof. For the first equation,
Since ψ ∈ W 0 ⊆ V 1 therefore ψ(x) = n∈Λ b n φ(ρ(x) + n) and the proof of the second equation follows on the same lines as that of first. Similar to m 0 , m 1 is also Λ-periodic.
The functions m 0 and m 1 will be called scaling and wavelet filter, respectively. 
Proof.
Similarly we can prove that
Fourier coefficients of n∈Λψ (ω + n)φ(ω + n) are zero for all k ∈ Λ. Replacing ω by ρω, we get
From the previous three relations it follows that the matrix
is unitary. For the matrix to be unitary it is enough to assume that m 1 (ω) = W 1.0 (ω)m 0 (ω + 0.1).
So we haveψ
which on taking the inverse Fourier transform becomes
where sgn(n) = 0, if n is even (i.e. n ∈ Λ 1 ), and 1, otherwise.
Wavelet sets on Cantor Dyadic Group
A measurable subset Ω of G * will be called a wavelet set if ψ =χ Ω is a wavelet in
In [2, 3] In [2, 3] elements of a countable non-empty subset A of Aut(G) were used for dilations,
where Aut(G) is the group of homeomorphic automorphisms of G under composition.
Then multiwavelet sets were characterized by using translation and dilation congruences as in the case of Euclidean spaces.
Similar idea can be applied to characterize wavelet sets in Cantor dyadic group G. However in this case the elements of Λ in G and G * will be used for translation and instead of using an arbitrary countable set of automorphisms on G, integral powers of the automorphisms ρ and σ are used for dilations in G and G * .
Let E and F be two measurable subsets of G. Then E is said to be Λ-translation congruent to F , if there exists a partition {E n : n ∈ N ⊆ Z + }, such that {E n + n : Proof. Let Ω be a measurable subset of G * satisfying (a) and (b). Letψ = χ Ω . Since Ω is Λ-translation congruent to D upto sets of measure zero, there exist non-negative integers n ∈ I ⊆ Z + and a partition {Ω n : n ∈ I} of Ω such that
Thus χ Ω ∈ L 2 (G * ), and ψ = 1.
Now we have to show that {ψ j,n } j∈Z,n∈Λ is an orthonormal set.
Thus, for each j ∈ Z and n ∈ Λ, ψ j,n = 1. Further, for j, k ∈ Z and r, m ∈ Λ,
(ii) If j = k, then the last expression takes the form
As before, from (b) it follows that
Therefore, {ψ j,n : j ∈ Z, n ∈ Λ} is an orthonormal set.
Finally, we need to show that the system {ψ j,n } j∈Z,n∈Λ is complete in
This will complete the proof that {ψ j,n : j ∈ Z, n ∈ Λ} is an orthonormal basis for
Since Ω is Λ-congruent to D upto sets of measure zero, therefore
Plancherel's theorem for Fourier series we obtain,
(since Ω * i are pairwise disjoint so that for any given ω at most one term in the sum over i is non-zero.)
For the converse, let Ω be a wavelet set, that is,χ Ω = ψ, where ψ is a wavelet. Then
The dual of cantor dyadic group G * is σ-compact, since Λ is countable and G * = n∈Λ (D + n) is a countable union of compact sets.
To prove that {σ k Ω} k∈Z tiles G * upto sets of measure zero, let j, k ∈ Z such that j = k.
Then by the orthonormality ψ j,0 , ψ k,0 = 0. Equivalently,
Here intersection of such sets with X is of measure zero, so must be the measure of X. Now, we have to prove that Ω is translation congruent to D. Let {n|n ∈ A ⊆ Z} be the set of all non-negative integers such that for corresponding n ∈ Λ, Ω (D + n) has positive measure. For each n ∈ A, let Ω n = Ω (D + n). Clearly {Ω n |n ∈ A} is a partition of Ω. Let Ω ′ n = Ω n + n. We claim that Ω ′ n is a partition of D.
Let F = n∈A χ Ωn+n and F M = n∈A M χ Ωn+n , where the finite sets A M are such
This shows that F ∈ L 1 (D). By using the Lebesgue dominated convergence theorem to the sequence {F M (.), (.)(n)} which converges to F (.), (.)(n) a.e. and which is bounded by F ∈ L 1 (D), we get
By the uniqueness theorem for Fourier series and comparing the two values of ψ j,0 , ψ j,m it can be concluded that F = 1 on D. Since F = n∈A χ Ωn+n , it follows that {Ω n + n} n∈A is a partition of D. To see that Ω is a wavelet set, let Ω = P ∪Q, where P = {(...0.111...)} = {(ω j ) j∈Z : ω j = 0 for every j ≥ 0
Clearly, for any n, m ∈ Z with n = m, σ n (Ω) σ m (Ω) = φ. Also it follows directly that every element of G * belongs to σ n (Ω), for some n ∈ Z. Hence {σ n (Ω)} n∈Z tiles G * .
Note that P ⊆ D and addition of (. . . 001.000 . . .) to the elements of Q generate all the elements of D. This shows that Ω is Λ− translation congruent to D and hence it forms a wavelet set.
Then Ω is a wavelet set as
and these translates of elements of Ω tile D.
s-elementary wavelets on Cantor dyadic group associated with MRA
It is known that every MRA for L 2 (G) gives rise to a wavelet. Fang and Wang [5] characterized wavelet sets associated with an MRA in L 2 (R) and similar characterization holds in the cantor dyadic group. Let ψ ∈ L 2 (G) be a wavelet. Let W j = span {ψ j,n : n ∈ Λ}, for each j ∈ Z, and V j = l<j W l , ∀j ∈ Z. Then,
To prove that ψ is associated with an MRA we need to show that {V j : j ∈ Z} forms an MRA for L 2 (G) and ψ is obtained from an associated scaling function φ and two
If the wavelet ψ arises from an MRA then following relation exists between ψ and the associated scaling function φ,
For the proof of this relation note that
Iterating this result, we get
..} is an increasing sequence bounded by 1 and hence its limit exists. Thus the sequence φ (ρ N (ω)) 2 is also convergent.
Hence we have,
The elements of V −1 and V 0 can be easily characterized by using scaling filter m 0 as follows: (Ω s + n)) = δ n,0 , where n ∈ Λ, and
Proof. Letψ = χ Ω . From the characterization of wavelet set Ω we know that the sets in the union of Ω s are a.e mutually disjoint and hence µ * (Ω s ) = 1. If ψ arises from an MRA then there exists a scaling function φ such that
which implies that |φ| = χ Ω s . Since the orthonormality of {φ(. − n) : n ∈ Λ} is equivalent to,
we obtain,
For the converse part suppose that Ω s satisfies the given condition. Letφ(ω) = χ Ω s .
Then (1) holds for φ and {φ(. − n) : n ∈ Λ} forms an orthonormal system.
As {Ω s + n : n ∈ Λ} partitions G * it is sufficient to define the function m 0 on Ω s . Then it can be extended Λ-periodically to whole of G * . Let
Similarly, we first define m 1 on Ω s by
and then uniquely extend m 1 to a Λ-periodic function on G * . Now we will show thatφ
If ω ∈ σ(Ω), then m 1 (ω) = 1 andψ(ρω) = χ Ω (ρω) = χ σ(Ω) (ω) = 1 and m 1 (ω)φ(ω) =
1.
If ω / ∈ σ(Ω), then there is a unique integer j = 1 such that ω ∈ σ j (Ω). Since m 1 (ω) = 0,
, that is,φ(ω) = 0, if j ≤ 0, both cases give us m 1 (ω)φ(ω) = 0 and also for ω / ∈ σ(Ω), we haveψ(ρω) = 0.
This proves (4).
To prove thatφ(ρ(ω)) = m 0 (ω)φ(ω), we will show that
since (3) follows from this relation. For a.e. ω ∈ G * there is a unique j ∈ Z such that
Thus in this case (3) holds.
since ω ∈ ρ j (Ω) and j ≤ −1, or ω ∈ σ j (Ω), j ≥ 1. This completes the proof of (3).
Since the supports of m 0 and m 1 are disjoint, we have
By using the relations
we get
Similarly {ψ(. − n) : n ∈ Λ} is also an orthonormal system and hence
Thus combining (6) and (7), we get Clearly, λ(ω) is Λ-periodic, as m 0 and m 1 both are Λ-periodic. Further
implies that λ(ω) + λ(ω + 0.1) = 0. We can take λ(ω) = W 1.0 (ω), where
Finally, to show that φ is a scaling function for V 0 , we need
We know thatψ(ρ(ω)) = m 1 (ω)φ(ω) and for each j 2,
where
Here µ j is Λ-periodic, bounded function and hence It is easy to see that for any non-zero n ∈ Λ, Ω s ∩ (Ω s + n) = φ. Therefore this wavelet set is associated with an MRA.
Example of wavelet set not associated with MRA:
Let Ω = {(...01ω 0 .ω −1 ω −2 ...) : ω i ∈ {0, 1}}. Then Ω is a wavelet set. Further,
σ m (Ω) = {(ω j ) j∈Z : for some r ∈ Z + , ω j = 0, when j > −r+1 and ω −r+1 = 1}.
For any n = (. . . 001.00 . . .) ∈ Λ, Ω s ∩ (Ω s + n) ⊇ σ 2 (Ω), thus µ * (Ω s ∩ (Ω s + n)) = 0 and hence the wavelet set is not associated with an MRA.
